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The l am i na r  boundary layer  on a subl imat ing thin plate is e x a m i n e d ,  

When a gas s t r e a m  flows over  a flat plate and the 
pa r t i a l  p r e s s u r e s  of the vapors  of the plate  m a t e r i a l  
a re  l e s s  than the p r e s s u r e  at the t r ip le  point of the 
phase d iagram,  sub l ima t ion  or  condensat ion  of the 
vapors  occurs  (depending on the p a r a m e t e r s  of the 
oncoming s t r e a m  and the heat t r a n s f e r  condi t ions  at 
the surface) .  

We shal l  examine  sub l ima t ion  of a thin plate washed 
by a s t r e a m  of heated gas. The lower  su r face  of the 
plate is  ma in t a ined  at constant  t e m p e r a t u r e .  

We choose the x and y axes along and n o r m a l  to 
the o r ig ina l  plate sur face ,  r e spec t ive ly .  Then the 
s y s t e m  of equat ions  of the l a m i n a r  boundary  l aye r  for 
the b ina ry  g a s - v a p o r  mix ture  has the following form:  

O p + div(pv ) = O, (1) 
Ot 

9 dt @ ~ . , (2) 

dc a / D 0~ ~ - (P @ ) '  (a) 

9 dt @ ~ r  + ( P r - - l )  ~ g  + 

The heat conduction equat ion in the plate mus t  be 
solved along with the sys t em (1)-(4).  Since the plate 
is cons ide red  suff ic ient ly  thin (x >> 1), we shal l  seek 
a t e m p e r a t u r e  d i s t r ibu t ion  in it of the fo rm 

T~(x,  g, t ) =  T o - - q ( x  , t)(g -- Dr), (5) 

where 

OTa y=Dt a y  = - -  q" 

We write the boundary conditions of the problem as 

[I] in the flow within the boundary layer 

u = u ~ ,  T = T ~ ,  c=c .~ ,  (6) 

at the sublimation surface 
0c 

9 ( D - -  v) (1 - -  Co) = 9 D12 - -  , (7) 
@ 

9 (D - -  v) = 9~ D,  (8) 

u = O ,  T = T I = T o ,  

OT I OT 
p ( D - - o ) L ( T o ) = ~ I  - - - - ~  - - ,  (9) 

@ @ 

-I  I01 

at the lower surface of the plate (y = -l) 

T~ = T~. (11) 

Here 

h =cpT,  ep -=cc(p ') + (1 --c)c(v 2), H = h  + u~/2. 

We seek a solution of the equation of motion (2) in 

the form [I] 

p .  = ~i~ (~, t ) ,  

1 'vcr , , t /~ 

o l D =  y t), 

where  the ve loc i t ies  u and v and the dens i t i e s  P and Pl 
a re  m e a s u r e d ,  r e spec t ive ly ,  at the va lues  uoo and 9oo- 

As was shown in [1], for  suff ic ient ly  sma l l  t imes  
(on the o rde r  of s e ve r a l  tens  of seconds) ,  the ra te  of 
d i sp l acemen t  D of the sub l ima t ion  sur face  may be 
cons ide red  to be dependent  only on the coordina te  x, 
i. e . ,  a s teady sub l imat ion  r eg ime  is e s t ab l i shed  at 

each point  on the sur face  

D =  1 pr (~ t , , ) , /~  " (p(O)= 
2 PI V x 

or 

where 

D (~ = (~(o), (12) 
V ;  

et - -  ( v ~  ur % 

Then, for the above times, the concentration of the 

vapors of the subliming material at the surface c o , and 

the surface temperature TO (we consider the vaporiza- 
tion to be in equilibrium [2]) will also be independent 

of time. Therefore, the function q in (5) will also 

depend only on x, since, from condition (11), taking 

into account the inequality Dt << l, we obtain 

q = (T~ - -  To)/l. (13) 

Because  of the a s sumpt ion  of s teady condi t ions  of 
sub l imat ion ,  equation (2) reduces  to the Blas ius  equa-  

tion [1] 
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d ( d ~ )  q) du . , , 0 ; ~ ' - -  P" (14) 
d 'q  I t '  + 2 d~ It| 

2'he solut ions of this equation, allowing for the 
f i r s t  of the boundary condit ions (6), has been obtained 
in [31 (PU' = I) 

u 

(o(u) -~'~ f ~ du: = % - % (uu,,), n = , .  ~ (u) 
b 

Here 

du U ~  
V (y - -  Dt), 0~::~'  U~ ~ ,  ~ =  v ~ -  

and the tables  of functions u0(T ) :and ~0T(u) were  given 
in 131. 

We shall  r e s t r i c t  a t tent ion to the case P r  = L e  = 1. 
Then the solut ions of the equat ions of diffusion (3) and 
energy (4), taking into account  boundary condit ion s (6), 
have the following form:  

c = c,, +(c~ - -  co) u (~)/u~, 

h = h o + ( H ~  - - h o )  u (n)/u,~ _ --~_k u ~ (n) .  
2 

Thus, to de te rmine  the prof i les  of veloci ty,  con- 
cent ra t ion ,  and enthalpy,  it  is n e c e s s a r y  to find the 
quant i t ies  u0, tg T, co and To. 

It follows from (I4) that 

d ( o  
q~ (0)=: - -  2 ~ . = o  = - -  2u~ tg ~. 

Substi tution of this express ion  in (12) gives 

D := : - -2au  0 .... , tgy / l fx .  

l , rom (7) and (8) we obtain 

(15) 

u0tgy = Q ~ c ~  
1 - -  c o 

(16) 

Condition (9) reduces  to the following: 

- ~., q/p, D + { (1-- cg)(h~0 ') --h[,'e)) - (l--c0) [H~. --coh[, b -  

- -  ( 1 - -  co) h~ ~l]/(c,~ - %)  } x 

a ( , ,~" - -  ,,',}') 
X 1+ c)T coTo/c p 

ac# ) }-' 
+ ~ T o / q ,  - -  L(To) = 0. (17) 

At compara t ive ly  smal l  p r e s s u r e s  a sa tura ted  vapor 
may  be cons idered  to be a perfect  gas. In this case,  
from the C laus ius -C lapeyron  equation, we have for 
the heat of subl imat ion  the express ion  

L - - R  d(lnp)  (18) 
d{I/T) 

Let %0 = 0. Then it follows from (16) that 

uo tg'~' > O. 

Since the function u 0 is always posi t ive ,  tg y > 0. 
F o r  posi t ive tg y, us ing  tables  [3], we may approxi -  
mate  to function u0, for  example ,  by the method of 
l eas t  squa res  

u 0=2.0792 exp [1.024tgy}. (19) 

Using (13), {15), (18) and (19), we finally obtain 
from (10), (16), and (17) a sys tem of equat ions for 
de t e rmin ing  e o, T o and tgy  

c o = [1+ (p . , /p--  1)M2/MI] -1, (20) 

2.0792 exp{ 1.024 IgY I = co/(l -co),  (21) 

0.721 ),., V x ( T ;  -- T o) exp l 0,512 tg y_~} + 
,~p,t tg V 

+ l(l_c,))Torc(U _c(Z)~ _~_ (l-- p p / 

- Co) [ / r  coTo!'~ ~ ~ - ( 1 - c o) Toe# ) I / c  o } • 

i ( m c(2)) 0 Cp - -  p . 

X 1+ . OT c~ + 

Oct2) ] - i  d (In p) 
-4- ~ T~ = - - R  d(l/T------)- ' (22) 

We shall  examine  as an example the equ i l ib r ium 
sub l imat ion  of a thin plate of naphthalene in a un i form 
s t r e a m  of heated a i r .  The p r e s s u r e  of the sa tura ted  
vapors of naphthalene may be r ep resen ted  in the form 

p = exp {a -- b/(d + To) }. (23) 

The coefficients a, b, and d are  de te rmined  by scal ing 
the coefficients of the Antoine equation [4]. F rom (18) 
and (23) we de te rmine  the beat  of subl imat ion  to be 

L = bR + 1 (24) 

We take the specific heat  of a i r  C(p 2) to be indepen-  
dent of t empera tu re ;  at the subl imat ion  sur face  it is 
equal [5] to 1009 J / k g .  degree .  The specif ic  heat of 
naphthalene vapor [6] is 

cm :: A + BT -~- CT (2). (25) 
P 

The coeff icients  in (23) and (25) have the following 
values  (all quant i t ies  a re  measured  in the in terna t ional  
sys tem):  

a =  18.268; b::2253.419; d = - - 1 5 4 , 7 6 ;  A t02.903; 

B=3,574; C 1.136.10 -a. 

We shall  ass ign  the condit ions at infinity in the 
s t r e a m  a s : u ~  =400 m / s e e ;  %0 900 ~  c ~ =  0 ; p ~ =  
= 6 6 5 6 N / m  2. F rom these  condit ions we de t e rmine  [5[ 
p~ = 0.0258 kg/m3; Poo = 398 �9 107 N �9 s e c / m  2 and ca l -  
culate H~ : 1 089 856 J/kg.  

Let the plate th ickness  l = 0.01 m, and the t empe ra -  
ture  at the lower sur face  of the plate be T~ = 290 ~ K. 

For  naphthalene [7J Pl = 1168 kg/ma; k t = 376,812.10 a 
W/ m �9 deg. The molecu la r  weights of a i r  and naph- 
thalene were a s sumed  to be as follows [5]: M 2 = 28.96 
kg/kmole ,  M~ = 128.164 kg/kmole.  
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After substitution of (23)-(25) and numerical values, 
the system of Eqs. (20), (22) is solved as follows: we 
assign a value of the concentration c 0, we determine 
T Ofrorn (20), andtg7 from (21); then equation (22), 
in which x appears as a parameter, allows us to deter- 
mine the value of x corresponding to the given com- 

bination T 0, c 0, t g T .  
F r o m  (15) ,  a l l o w i n g  f o r  (19) ,  a n d  a f t e r  s u b s t i t u t i n g  

t g T ,  w e  o b t a i n  t h e  r a t e  o f  d i s p l a c e m e n t  o f  t h e  s u b -  

l i m a t i o n  s u r f a c e .  

T h e  r e s u l t s  o f  t h e  c a l c u l a t i o n s  a r e  

.r, m c o T o , ~ - -D .10  a, m/sec  

0.091 0.44 353.2 0,975 
0.215 0.40 350.7 0.568 
0. 480 0.35 347.6 0. 326 
0.917 0.30 344.2 0.199 

F o r m u l a  (5) a l l o w s  t h e  t e m p e r a t u r e  i n s i d e  t h e  

p l a t e  t o  b e  c a l c u l a t e d .  

NOTATION 

u and v- long i tud ina l  and transverse velocity components; p and 
p l -dens i t ies  of gas-vapor mixture and plate material ,  respectively; 
k and k~- thermal  conductivities of mixture and plate material ,  re-  
spectively; p-v iscos i ty  of mixture;  Cp-Specific heat  at constant 
pressure ; h - spec i f i c  enthalpy of mixture ; Pr = pCp/k-Prandt l  number ; 
Le = K / p c p D t z - - L e w i s  number; c--vapor mass concentration; Dr2 -  
binary diffusion coefficient; ~ - s t r e a m  function; D ' r a t e  of displace- 
ment  of sublimation surface; M 1 and M z -mo iecu la r  weight of plate 

material  and gas, respectively ; Tl--variable temperature within plate ; 
l - -plate  thickness; R--universal gas constant; L--heat of sublimation 
of plate materiaI .  Subscripts: ~--flow quantities inside boundary layer, 
0--parameters on sublimation surface. Superscripts: 1 and 2--parameters 
of vapor and gas, respectively. 
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